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1. Introduction
The models governed by Chern–Simons type dynamics have been developed to explain certain phenomena in various
ﬁelds of physics. For example, in particle physics, Chern–Simons terms allow one both electrically and magnetically charged
vortex-like solitons known as dyons; in condensed matter physics, Chern–Simons terms are necessary ingredients in vari-
ous anyon models describing many-fermion systems such as electron-pairing in high-temperature superconductors and the
integral and fractional quantum hall effect.
Parity breaking is a property of the simplest models with only one Chern–Simons ﬁeld. But when there is an even
number of Chern–Simons ﬁelds and their coupling constants are appropriately chosen, the parity invariance can be restored.
One of the simplest models of this kind is the U (1) × U (1) model of two Higgs ﬁelds with each of them coupled to one
of the two Chern–Simons ﬁelds, proposed by C. Kim, C. Lee, P. Ko and B.-H. Lee [4]. This model goes with the anionic
mechanism of superconductivity since experiments with high-temperature superconductors support the parity invariance.
Let φ and ψ be two complex scalar ﬁelds in R2 representing two Higgs particles of charges q1 and q2, and A
(1)
μ and
A(2)μ be two associated gauge ﬁelds with the ﬁeld strengths F
(I)
μν = ∂μA(I)ν − ∂ν A(I)μ on the (2 + 1)-dimensional Minkowski
space R2,1 of metric tensor (gμν) = diag(1,−1,−1), where μ,ν = 0,1,2 and I = 1,2. The Chern–Simons Lagrangian den-
sity L studied in [2,4,7] takes the form
L = −1
4
κεμνσ A(1)μ F
(2)
νσ − 14κε
μνσ A(2)μ F
(1)
νσ + DμφDμφ + DμψDμψ − V (φ,ψ), (1)
where κ > 0 is a coupling parameter,
Dμφ = ∂μφ − iq1A(1)μ φ, Dμψ = ∂μψ − iq2A(2)μ ψ
are the covariant derivatives, and V (φ,ψ) is the Higgs potential density deﬁned by
V (φ,ψ) = q
2
1q
2
2
κ2
(|φ|2(|ψ |2 − c22)2 + |ψ |2(|φ|2 − c21)2). (2)
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motion for the Lagrangian density (1) reduce to the self-dual Chern–Simons equations involving two Higgs particles and
two gauge ﬁelds⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
D1φ ± iD2φ = 0,
D1ψ ± iD2ψ = 0,
F (1)12 ±
2q1q22
κ2
|ψ |2(|φ|2 − c21)= 0,
F (2)12 ±
2q21q2
κ2
|φ|2(|ψ |2 − c22)= 0.
(3)
From the form of the potential energy density (2), we see that the ﬁnite-energy condition imposes the following bound-
ary conditions at inﬁnity:∣∣φ(x)∣∣−→ c1, ∣∣ψ(x)∣∣−→ c2 as |x| −→ ∞, (4)
or ∣∣φ(x)∣∣−→ 0, ∣∣ψ(x)∣∣−→ 0 as |x| −→ ∞. (5)
Solutions satisfying (4) are called topological, and solutions satisfying (5) are called nontopological. Recently, Lin, Ponce and
Yang [7] have proved the existence of topological solutions of (3) realizing a prescribed distribution of vortices, characterized
as the zeroes of the Higgs ﬁelds φ and ψ .
In particular, the system (3) (simpliﬁed using the change of variables and the suppressed parameter) has as limiting
cases both the familiar self-dual Ginzburg–Landau equations
D1φ ± iD2φ = 0, F12 ± 1
2
(|φ|2 − 1)= 0 (6)
and the well-studied single-Higgs-particle self-dual Chern–Simons vortex equations
D1φ ± iD2φ = 0, F12 ± 2
κ2
|φ|2(|φ|2 − 1)= 0. (7)
On the other hand, Lohe [5] proposed a generalized abelian Higgs model
L = −1
4
Fμν F
μν + F (|φ|)DμφDμφ −( 1∫
|φ|
sF (s)ds
)2
(8)
whose the Euler–Lagrange equations are reduced to the self-dual equations
D1φ ± iD2φ = 0, F12 ∓
1∫
|φ|
sF (s)ds = 0, (9)
where F is a nonnegative function satisfying some conditions. Similarly, Yang [9] introduced a generalized abelian Chern–
Simons model
L = −1
4
κεμνσ AμFνσ + F
(|φ|)DμφDμφ − 4
κ2
|φ|2F (|φ|)( 1∫
|φ|
sF (s)ds
)2
(10)
whose the Euler–Lagrange equations are reduced to the self-dual equations
D1φ ± iD2φ = 0, F12 ∓ 4
κ2
|φ|2F (|φ|) 1∫
|φ|
sF (s)ds = 0. (11)
Both the models allow a much wider class of Higgs self-interaction so that self-duality is still achieved. Hence various forms
of the Higgs potentials can be prescribed to realize in a wide range fairly different magnetic excitation pictures.
In this paper, we shall establish the existence of topological vortices in a generalized model that contains not only both
the models (8) and (10) but also the model (1) as special cases.
The paper is organized as follows. In Section 2, we introduce the generalized relativistic U (1) × U (1) Chern–Simons
model, the associated equations of motion and the self-dual equations to be studied. We then state our main result about
the existence of topological vortex solutions. In Section 3, we transform the generalized U (1)×U (1) self-dual Chern–Simons
equations into a system of non-linear elliptic equations. In Section 4, we provide the existence of bounded-domain solutions
by constrained minimization of an indeﬁnite action functional. Finally, in Section 5 we establish the existence of solutions
to the elliptic system on the full plane by the domain expansion process.
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Our generalized relativistic U (1) × U (1) Chern–Simons model has the Lagrangian density
L = −1
4
κεμνσ A(1)μ F
(2)
νσ − 14κε
μνσ A(2)μ F
(1)
νσ + G
(|φ|)DμφDμφ + H(|ψ |)DμψDμψ − V (φ,ψ), (12)
where G(s) and H(t) are nonnegative functions to be speciﬁed shortly and V (φ,ψ) is now the Higgs potential density
deﬁned by
V (φ,ψ) = 4q
2
1q
2
2
κ2
(
|φ|2G(|φ|)( c2∫
|ψ |
tH(t)dt
)2
+ |ψ |2H(|ψ |)( c1∫
|φ|
sG(s)ds
)2)
. (13)
The Euler–Lagrange equations of the model (12) are⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
1
2
κεμνσ F (2)νσ = −q1iG
(|φ|)(φDμφ − φDμφ),
1
2
κεμνσ F (1)νσ = −q2iH
(|ψ |)(ψDμψ − ψDμψ),
Dμ
(
G
(|φ|)Dμφ)= ∂G
∂φ
DμφD
μφ − ∂V
∂φ
,
Dμ
(
H
(|ψ |)Dμψ)= ∂H
∂ψ
DμψD
μψ − ∂V
∂ψ
,
(14)
where ( j(1)μ) = (ρ(1), j(1)) = −q1iG(|φ|)(φDμφ − φDμφ) and ( j(2)μ) = (ρ(2), j(2)) = −q2iH(|ψ |)(ψDμψ − ψDμψ) are the
conserved matter current densities. The μ = 0 components of the ﬁrst two equations in (14) in the static case are{
κ F (2)12 = j(1)0 = ρ(1) = 2G
(|φ|)q21A(1)0 |φ|2,
κ F (1)12 = j(2)0 = ρ(2) = 2H
(|ψ |)q22A(2)0 |ψ |2, (15)
which are the generalized Chern–Simons versions of the Gauss laws and imply the ﬂux-charge relations⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
κ
(2) = κ
∫
R2
F (2)12 dx =
∫
R2
ρ(1) dx = Q (1),
κ
(1) = κ
∫
R2
F (1)12 dx =
∫
R2
ρ(2) dx = Q (2).
The energy-momentum tensor Tμν of the Lagrangian density (12) is computed to be
Tμν = G
(|φ|)(DμφDνφ + DμφDνφ) + H(|ψ |)(DμψDνψ + DμψDνψ)
− gμν
(
G
(|φ|)DαφDαφ + H(|ψ |)DαψDαψ − V (φ,ψ)).
Hence for static ﬁeld conﬁgurations, the energy density E is given by
E = T00 = G
(|φ|)(q21(A(1)0 )2|φ|2 + |D jφ|2)+ H(|ψ |)(q22(A(2)0 )2|ψ |2 + |D jψ |2)+ V (φ,ψ)
= κ
2
4
(F (2)12 )
2
q21|φ|2G(|φ|)
+ κ
2
4
(F (1)12 )
2
q22|ψ |2H(|ψ |)
+ G(|φ|)|D jφ|2 + H(|ψ |)|D jψ |2 + V (φ,ψ), (16)
where we have used the Gauss laws (15). Now applying the identities
|D jφ|2 = |D1φ ± iD2φ|2 ± i
(
∂1(φD2φ) − ∂2(φD1φ)
)± q1F (1)12 |φ|2,
|D jψ |2 = |D1ψ ± iD2ψ |2 ± i
(
∂1(ψD2ψ) − ∂2(ψD1ψ)
)± q2F (2)12 |ψ |2,
we have, by vanishing of boundary terms after integration, the energy lower bound
E =
∫
R2
E dx
=
∫
R2
((
κ F (1)12
2q2|ψ |√H(|ψ |) ∓
2q1q2
κ
|ψ |
√
H
(|ψ |) c1∫
|φ|
sG(s)ds
)2
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(
κ F (2)12
2q1|φ|√G(|φ|) ∓
2q1q2
κ
|φ|
√
G
(|φ|) c2∫
|ψ |
tH(t)dt
)2
+ G(|φ|)|D1φ ± iD2φ|2 + H(|ψ |)|D1ψ ± iD2ψ |2
± 2
( c1∫
0
sG(s)ds
)
q1F
(1)
12 ± 2
( c2∫
0
tH(t)dt
)
q2F
(2)
12 ± 2Λ
)
dx
±2
( c1∫
0
sG(s)ds
)
q1Φ
(1) ± 2
( c2∫
0
tH(t)dt
)
q2Φ
(2)
=
( c1∫
0
2sG(s)ds
)
q1
∣∣Φ(1)∣∣+( c2∫
0
2tH(t)dt
)
q2
∣∣Φ(2)∣∣, (17)
where
Λ = −q1F (1)12
|φ|∫
0
sG(s)ds − q2F (2)12
|ψ |∫
0
tH(t)dt + i
2
G
(|φ|)(D1φD2φ − D1φD2φ) + i
2
H
(|ψ |)(D1ψD2ψ − D1ψD2ψ)
= Im
(
∂ jε jk
(( |φ|∫
0
sG(s)ds
)
|φ|−2φ(Dkφ)
))
+ Im
(
∂ jε jk
(( |ψ |∫
0
tH(t)dt
)
|ψ |−2ψ(Dkψ)
))
.
Here the signs are chosen so that ±Φ(I) = |Φ(I)| (I = 1,2). Hence it follows that the energy lower bound (17) is saturated
if and only if the ﬁeld conﬁguration (φ,ψ, A(1)j , A
(2)
j ) satisﬁes the equations⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
D1φ ± iD2φ = 0,
D1ψ ± iD2ψ = 0,
F (1)12 ∓
4q1q22
κ2
|ψ |2H(|ψ |) c1∫
|φ|
sG(s)ds = 0,
F (2)12 ∓
4q21q2
κ2
|φ|2G(|φ|) c2∫
|ψ |
tH(t)dt = 0.
(18)
These equations, supplemented with the Gauss laws (15), are our generalized self-dual Chern–Simons equations involving
two Higgs particles and two gauge ﬁelds. It can be readily seen that a solution of the self-dual equations (18) always veriﬁes
the static version of the full equations (14), and hence the system (18) is a reduction of the full system (14). The special
case G(s) ≡ 1, H(t) ≡ 1 of (18) corresponds to the classical Chern–Simons system (3) studied in [2,4,7]. Henceforth we will
only consider the case of (18) with the upper sign, since the case with the lower sign may then be recovered through
conjugation (φ,ψ, A(1)j , A
(2)
j ) → (φ,ψ,−A(1)j ,−A(2)j ).
The form of the general potential energy density (13) indicates that the ﬁnite-energy condition also imposes the bound-
ary conditions (4) and (5) at inﬁnity.
We are interested in the existence of topological solutions (satisfying the boundary condition (4)) of Eqs. (18) realizing
a prescribed distribution of vortices, characterized as the zeros of the Higgs ﬁelds φ and ψ , and establish in the sequel the
following theorem:
Theorem 1. For any prescribed points p′1, . . . , p′N ′ , p
′′
1, . . . , p
′′
N ′′ in R
2 counted with multiplicities, the system (18) has a solution
(φ,ψ, A(1)j , A
(2)
j ) satisfying the boundary condition (4) exponentially fast so that p
′
′ and p
′′
′′ are the zeros of the Higgs ﬁelds φ and
ψ , respectively. Moreover, for a constant C > 0 depending on the functions G and H,∫
R2
|φ|2
c21
dx+
∫
R2
|ψ |2
c22
dx Cκ
2
c21c
2
2q
2
1q
2
2
(
N ′ + N ′′)3,
where N ′ and N ′′ are the total vortex numbers. Both D jφ and D jψ ( j = 1,2) vanish at inﬁnity exponentially fast. The magnetic ﬂuxes,
electric charges and energy are given by
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E = 2π
( c1∫
0
2sG(s)ds
)
q1N
′ + 2π
( c2∫
0
2tH(t)dt
)
q2N
′′.
3. The elliptic system
To obtain the existence of topological vortex solutions of Eqs. (18), we make the following assumptions on the func-
tions G and H :
(i) G(s) 0 (resp. H(t) 0) is a C∞ function in [0,∞).
(ii) There holds G(c1) > 0 (resp. H(c2) > 0).
(iii) mins∈[0,c1] G(s) C1 > 0 (resp. mint∈[0,c2] H(t) C2 > 0).
(iv) f (r) = −(∫ 1er sG(c1s)ds)(∫ 1e−r tH(c2t)dt) is convex.
Here the assumptions (i), (ii) and (iii) are similar to Lohe and van der Hoek [6] for the generalized abelian Higgs model and
Yang [9] for the generalized Chern–Simons model.
Using the change of variables qI A
(I)
j → A(I)j (I = 1,2), φ → c1φ, ψ → c2ψ , and the suppressed parameter λ =
4c21c
2
2q
2
1q
2
2/κ
2, we can simplify (18) (with the upper sign) as⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
D1φ + iD2φ = 0,
D1ψ + iD2ψ = 0,
F (1)12 −
λ
2
|ψ |2 Ĥ(|ψ |2)g(|φ|2)= 0,
F (2)12 −
λ
2
|φ|2Ĝ(|φ|2)h(|ψ |2)= 0,
(19)
where now D jφ = ∂ jφ − iA(1)j φ and D jψ = ∂ jψ − iA(2)j ψ ( j = 1,2), and we set G(c1s) = Ĝ(s2), H(c2t) = Ĥ(t2),∫ 1
|φ| 2sĜ(s
2)ds = g(|φ|2) and ∫ 1|ψ | 2t Ĥ(t2)dt = h(|ψ |2).
Identifying R2 and C through the complex variable z = x1 + ix2 and setting
∂ = 1
2
(∂1 − i∂2), ∂ = 1
2
(∂1 + i∂2), A(I) = 1
2
(
A(I)1 + iA(I)2
)
(I = 1,2),
we get from the ﬁrst two equations in (19){
∂ Aφ = 0,
∂ Aψ = 0,
(20)
where ∂ Aφ = ∂φ − iAφ and ∂ Aψ = ∂ψ − iAψ . It is well known that the expressions (20) imply the following local repre-
sentation of φ (resp. ψ ) around its zero, say p′ (resp. p′′ ):
φ(z) = (z − p′)n′φ0(z) (resp. ψ(z) = (z − p′′)n′′ ψ0(z)), (21)
where n′ (resp. n′′ ) is the multiplicity of p′ (resp. p′′ ) and φ0 (resp. ψ0) is a nonvanishing complex function.
By the substitutions u = ln |φ|2 and v = ln |ψ |2 together with (21), we can transform (19) into the equivalent form⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
u = −λev Ĥ(ev)g(eu)+ 4π N ′∑
=1
δp′ ,
v = −λeu Ĝ(eu)h(ev)+ 4π N ′′∑
=1
δp′′ ,
(22)
where p′1, . . . , p′N ′ (resp. p
′′
1, . . . , p
′′
N ′′ ) are the zeros (counted with multiplicities) of φ (resp. ψ ). The integers N
′ and N ′′ are
called the total vortex numbers. Topological boundary condition in terms of u and v reads
lim|x|→∞u(x) = 0, lim|x|→∞ v(x) = 0. (23)
Note that when N ′′ = 0, we may choose A(2)j , |ψ | and H(t) ≡ 1 so that (19) reduces to the generalized self-dual
Ginzburg–Landau equations (9) (with the upper sign), while when both φ and ψ have only common zeroes with the
same multiplicity, we may take φ = ψ and A(1)j = A(2)j so that (19) reduces to the generalized self-dual Chern–Simons
equations (11) (with the upper sign).
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First we consider the system (22) over a bounded domain Ω containing all points p′ ( = 1, . . . ,N ′) and p′′ ( =
1, . . . ,N ′′), subject to the homogeneous boundary condition
u|∂Ω = 0, v|∂Ω = 0. (24)
In the following section, we will show that we can use the bounded-domain solutions and take the limit as Ω tends
to R2 to get a solution of (22) over the full plane R2 subject to the topological boundary condition (23).
Theorem 2. Let Ω be a bounded domain containing p′1, . . . , p′N ′ , p
′′
1, . . . , p
′′
N ′′ . Then the system (22) over Ω subject to the homoge-
neous boundary condition (24) has a solution (u, v) ∈ L1(Ω) × L1(Ω). Moreover we have
‖u‖L1 + ‖v‖L1 
C
λ
(
N ′ + N ′′)3, (25)
where C > 0 is a constant depending on the functions G and H.
Proof. Given ε > 0, let us replace (22) by a regularized form⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
u = −λev Ĥ(ev)g(eu)+ N ′∑
=1
4ε
(ε + |x− p′|2)2
in Ω,
v = −λeu Ĝ(eu)h(ev)+ N ′′∑
=1
4ε
(ε + |x− p′′ |2)2
in Ω,
(26)
subject to the boundary condition (24). We introduce the reference functions
uε0(x) =
N ′∑
=1
ln
(
ε + |x− p′|2
1+ |x− p′|2
)
, vε0(x) =
N ′′∑
=1
ln
(
ε + |x− p′′ |2
1+ |x− p′′ |2
)
. (27)
Then
uε0(x) = − f1 +
N ′∑
=1
4ε
(ε + |x− p′|2)2
, vε0(x) = − f2 +
N ′′∑
=1
4ε
(ε + |x− p′′ |2)2
,
where f1, f2 ∈ W 1,2(Ω) do not depend on ε > 0. By letting u = uε0 + u˜, v = vε0 + v˜ , (26) becomes{
u˜ = −λevε0+v˜ Ĥ(evε0+v˜)g(euε0+u˜)+ f1 in Ω,
v˜ = −λeuε0+u˜ Ĝ(euε0+u˜)h(evε0+v˜)+ f2 in Ω, (28)
In order to fulﬁll the homogeneous boundary condition, we write u˜ = U ε0 + U˜ , v˜ = V ε0 + V˜ , where U ε0, V ε0 are harmonic
functions on Ω satisfying
U ε0 = −uε0, V ε0 = −vε0 on ∂Ω.
By these substitutions, the system (28) becomes⎧⎪⎪⎨⎪⎪⎩
U˜ = −λevε0+V ε0+V˜ Ĥ(evε0+V ε0+V˜ )g(euε0+U ε0+U˜ )+ f1 in Ω,
V˜ = −λeuε0+U ε0+U˜ Ĝ(euε0+U ε0+U˜ )h(evε0+V ε0+V˜ )+ f2 in Ω,
U˜ = 0, V˜ = 0 on ∂Ω.
(29)
Setting
uˆε0 = uε0 + U ε0, vˆε0 = vε0 + V ε0 , U˜ + V˜ = U , U˜ − V˜ = V
in (29), we get⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩
U = −λevˆε0+ 12 (U−V ) Ĥ(evˆε0+ 12 (U−V ))g(euˆε0+ 12 (U+V ))
− λeuˆε0+ 12 (U+V )Ĝ(euˆε0+ 12 (U+V ))h(evˆε0+ 12 (U−V ))+ ( f1 + f2) in Ω,
V = −λevˆε0+ 12 (U−V ) Ĥ(evˆε0+ 12 (U−V ))g(euˆε0+ 12 (U+V ))
+ λeuˆε0+ 12 (U+V )Ĝ(euˆε0+ 12 (U+V ))h(evˆε0+ 12 (U−V ))+ ( f1 − f2) in Ω,
(30)U = 0, V = 0 on ∂Ω.
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I(U , V ) =
∫
Ω
(
1
2
|∇U |2 − 1
2
|∇V |2 + 2λg(euˆε0+ 12 (U+V ))h(evˆε0+ 12 (U−V ))+ ( f1 + f2)U − ( f1 − f2)V)dx (31)
which is indeﬁnite.
Consider the constrained minimization problem
min
{
I(U , V )
∣∣ U , V ∈ A}; (32)
the admissible class A is deﬁned by
A = {(U , V ) ∣∣ U , V ∈ W 1,20 (Ω), and U , V satisfy (C)},
where (C) is the following constraint:∫
Ω
(∇V · ∇W + λ(euˆε0+ 12 (U+V )Ĝ(euˆε0+ 12 (U+V ))h(evˆε0+ 12 (U−V ))
− evˆε0+ 12 (U−V ) Ĥ(evˆε0+ 12 (U−V ))g(euˆε0+ 12 (U+V )))W + ( f1 − f2)W )dx = 0, ∀W ∈ W 1,20 (Ω).
We temporarily modify the function Ĝ (resp. Ĥ) in such a way that
Ĝ(s) = Ĝ(1) for s > 1 (resp. Ĥ(t) = Ĥ(1) for t > 1). (33)
Hence if s, t  1 or s, t > 1, then we have
0 g(s)h(t) C(1− s)(1− t) (34)
for some C > 1, and otherwise g(s)h(t) 0.
Lemma 3. For any U ∈ W 1,20 (Ω), there is a unique V ∈ W 1,20 (Ω) satisfying (C). In fact, V is the global minimizer of the functional
JU (V ) =
∫
Ω
(
1
2
|∇V |2 − 2λg(euˆε0+ 12 (U+V ))h(evˆε0+ 12 (U−V ))+ 2λCeuˆε0+vˆε0+U + ( f1 − f2)V)dx. (35)
Proof. In view of (33), we know using the Trudinger–Moser inequality [1] that JU (·) is weakly lower semicontinuous in
W 1,20 (Ω). Furthermore, since the Poincaré inequality together with (34) implies the coerciveness
JU (V )
1
4
‖∇V ‖2L2 − C ′, (36)
where C ′ > 0 depends only on f1 and f2, we see that (35) has a global minimizer and hence the existence of a critical
point follows. Since the functional (35) is convex, its critical point must be unique. 
We can rewrite
I(U , V ) = 1
2
‖∇U‖2L2 + 2λC
∫
Ω
euˆ
ε
0+vˆε0+U dx+
∫
Ω
( f1 + f2)U dx− JU (V ). (37)
For any (U , V ) ∈ A, since V minimize JU , we have, in particular, JU (V ) JU (0), so
I(U , V ) 1
2
‖∇U‖2L2 + 2λC
∫
Ω
euˆ
ε
0+vˆε0+U dx+
∫
Ω
( f1 + f2)U dx− JU (0)
= 1
2
‖∇U‖2L2 + 2λ
∫
Ω
g
(
euˆ
ε
0+ 12U )h(evˆε0+ 12 U )dx+ ∫
Ω
( f1 + f2)U dx. (38)
If uˆε0 + 12U < 0< vˆε0 + 12U or vˆε0 + 12U < 0< uˆε0 + 12U , then we have
0 g
(
euˆ
ε
0+ 12U )h(evˆε0+ 12U ) g(euˆε0−vˆε0)h(evˆε0−uˆε0), (39)
and otherwise g(euˆ
ε
0+ 12 U )h(evˆε0+ 12 U ) 0. Inserting (39) into (38), we see that there holds a partial coerciveness
I(U , V ) 1
4
‖∇U‖2L2 − C(ε), (40)
where C(ε) > 0 is a constant depending on the parameter ε. In particular, I(U , V ) is bounded below.
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I(U1, V1) · · · I(Un, Vn) · · · .
We denote
Imin := inf
{
I(U , V )
∣∣ (U , V ) ∈ A}= lim
n→∞ I(Un, Vn).
By (40), (Un) is bounded in W
1,2
0 (Ω). On the other hand, we get, using (36),
1
4
‖∇Vn‖2L2  C ′ + JUn (Vn)
 C ′ + JUn (0)
= C ′ − 2λ
∫
Ω
g
(
euˆ
ε
0+ 12 Un)h(evˆε0+ 12Un)dx+ 2λC ∫
Ω
euˆ
ε
0+vˆε0+Un dx
 C ′ − 2λ
∫
Ω
g
(
euˆ
ε
0−vˆε0)h(evˆε0−uˆε0)dx+ 2λC ∫
Ω
euˆ
ε
0+vˆε0+Un dx. (41)
The boundedness of the second integral on the right-hand side of (41) is a consequence of the Trudinger–Moser inequality
and the boundedness of (‖Un‖W 1,20 ) and hence (Vn) is also bounded in W
1,2
0 (Ω). Then we may assume that passing to a
subsequence if necessary,
Un ⇀ U , Vn ⇀ V weakly in W
1,2
0 (Ω) as n → ∞. (42)
Lemma 4. The weak limits U and V in (42) satisfy (U , V ) ∈ A and Vn → V strongly in W 1,20 (Ω) as n → ∞.
Proof. The pairs (Un, Vn) satisfy (C), that is,∫
Ω
(∇Vn · ∇W + λ(euˆε0+ 12 (Un+Vn)Ĝ(euˆε0+ 12 (Un+Vn))h(evˆε0+ 12 (Un−Vn))
− evˆε0+ 12 (Un−Vn) Ĥ(evˆε0+ 12 (Un−Vn))g(euˆε0+ 12 (Un+Vn)))W + ( f1 − f2)W )dx = 0, ∀W ∈ W 1,20 (Ω). (43)
In virtue of the compact embedding W 1,20 (Ω) → Lp(Ω) (p  1), we may assume that Un → U and Vn → V strongly in
Lp(Ω), so the Trudinger–Moser inequality implies that eUn → eU and eVn → eV strongly in Lp(Ω). We have in view of (33)∣∣∣∣∣
∫
Ω
euˆ
ε
0+ 12 (Un+Vn)Ĝ
(
euˆ
ε
0+ 12 (Un+Vn))h(evˆε0+ 12 (Un−Vn))W dx− ∫
Ω
euˆ
ε
0+ 12 (U+V )Ĝ
(
euˆ
ε
0+ 12 (U+V ))h(evˆε0+ 12 (U−V ))W dx∣∣∣∣∣

∥∥euˆε0+ 12 (Un+Vn)Ĝ(euˆε0+ 12 (Un+Vn))h(evˆε0+ 12 (Un−Vn))− euˆε0+ 12 (U+V )Ĝ(euˆε0+ 12 (U+V ))h(evˆε0+ 12 (U−V ))∥∥L2‖W ‖L2
 C
(∥∥e 12 (Un+Vn) − e 12 (U+V )∥∥L2 + ∥∥e 12 (Un+Vn)∥∥L4∥∥eUn−Vn − eU−V ∥∥L4)‖W ‖L2 −→ 0 as n −→ ∞. (44)
Similarly, we can show that∣∣∣∣∣
∫
Ω
euˆ
ε
0+ 12 (Un−Vn) Ĥ
(
euˆ
ε
0+ 12 (Un−Vn))g(evˆε0+ 12 (Un−Vn))W dx
−
∫
Ω
euˆ
ε
0+ 12 (U−V ) Ĥ
(
euˆ
ε
0+ 12 (U−V ))g(evˆε0+ 12 (U+V ))W dx∣∣∣∣∣−→ 0 as n −→ ∞. (45)
Therefore taking n → ∞ in (43), it follows that (U , V ) ∈ A.
Choose W = Vn − V in (C) and (43). Subtracting the resulting equalities, (44) and (45) imply that∫
Ω
|∇Vn − ∇V |2 dx = λ
∫
Ω
((
euˆ
ε
0+ 12 (U+V )Ĝ
(
euˆ
ε
0+ 12 (U+V ))h(evˆε0+ 12 (U−V ))
− euˆε0+ 12 (Un+Vn)Ĝ(euˆε0+ 12 (Un+Vn))h(evˆε0+ 12 (Un−Vn)))(Vn − V )
+ (euˆε0+ 12 (Un−Vn) Ĥ(euˆε0+ 12 (Un−Vn))g(evˆε0+ 12 (Un−Vn))
− euˆε0+ 12 (U−V ) Ĥ(euˆε0+ 12 (U−V ))g(evˆε0+ 12 (U+V )))(Vn − V ))dx −→ 0 as n −→ ∞.
Hence Vn → V strongly in W 1,20 (Ω) as desired. 
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Proof. Since Un → U weakly and Vn → V strongly in W 1,20 (Ω), we have
lim
n→∞ JUn (Vn) = JU (V ),
and this together with (37) lead us to
Imin = lim
n→∞ I(Un, Vn)
 1
2
‖∇U‖2L2 + 2λC
∫
Ω
euˆ
ε
0+vˆε0+U dx+
∫
Ω
( f1 + f2)U dx− JU (V )
= I(U , V ).
Since (U , V ) ∈ A, we see that (U , V ) solves (32). 
Lemma 6. The pair (U , V ) deﬁned in (42) is a solution of the system (30).
Proof. The pair (U , V ) already satisﬁes the second equation in (30), since its weak form is the constraint deﬁned in (C).
Hence we only need to verify the ﬁrst equation in (30).
Let U ′ ∈ W 1,20 (Ω) be any test function and set Ut = U + tU ′ . Denote by Vt the unique minimizer of JUt (·). Then Vt
depends on t smoothly, so we set
V ′ = d
dt
Vt
∣∣∣∣
t=0
.
Since I(Ut , Vt) attains its minimum at t = 0, we have
d
dt
I(Ut , Vt)
∣∣∣∣
t=0
= 0. (46)
Computing (46) in view of (31), we get∫
Ω
(∇U · ∇U ′ − λ(euˆε0+ 12 (U+V )Ĝ(euˆε0+ 12 (U+V ))h(evˆε0+ 12 (U−V ))
+ evˆε0+ 12 (U−V ) Ĥ(evˆε0+ 12 (U−V ))g(euˆε0+ 12 (U+V )))U ′ + ( f1 − f2)U ′)dx
=
∫
Ω
(∇V · ∇V ′ + λ(euˆε0+ 12 (U+V )Ĝ(euˆε0+ 12 (U+V ))h(evˆε0+ 12 (U−V ))
− evˆε0+ 12 (U−V ) Ĥ(evˆε0+ 12 (U−V ))g(euˆε0+ 12 (U+V )))V ′ + ( f1 − f2)V ′)dx. (47)
Since the right-hand side of (47) vanishes by (C), we obtain the weak form of the ﬁrst equation in (30) in view of arbitrary
U ′ ∈ W 1,20 (Ω). Thus (U , V ) fully solves the system (30). 
Next we return to the original variables. We see that we have obtained a solution pair, say (uε, vε), of the system (26).
Using the maximum principle, it is seen that
uε < 0, vε < 0 in Ω. (48)
Thus the existence and behavior of our solution are in fact independent of the modiﬁcation (33).
In order to have the limit as ε → 0, we also need to bound below uε and vε . For this purpose, we ﬁrst observe that
lim
r→0
∫ 1
e
r
2
2sG(c1s)ds
1− er = G(c1) > 0
(
resp. lim
r→0
∫ 1
e
r
2
2tH(c2t)dt
1− er = H(c2) > 0
)
and
lim
r→−∞
∫ 1
e
r
2
2sG(c1s)ds
1− er =
1∫
2sG(c1s)ds > 0
(
resp. lim
r→−∞
∫ 1
e
r
2
2tH(c2t)dt
1− er =
1∫
2tH(c2t)dt > 0
)
,0 0
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inf−∞<r<0
∫ 1
e
r
2
2sG(c1s)ds
1− er = C
′
1 > 0
(
resp. inf−∞<r<0
∫ 1
e
r
2
2tH(c2t)dt
1− er = C
′
2 > 0
)
. (49)
It is useful to rewrite (49) in the form
1∫
e
r
2
2sG(c1s)ds C ′1
(
1− er) (resp. 1∫
e
r
2
2tH(c2t)dt  C ′2
(
1− er)). (50)
Next adding the two equations in (26), we get in virtue of (50)
(uε + vε) = −λevε Ĥ
(
evε
)
g
(
euε
)− λeuε Ĝ(euε )h(evε )+ N ′∑
=1
4ε
(ε + |x− p′|2)2
+
N ′′∑
=1
4ε
(ε + |x− p′′ |2)2
−λC2C ′1evε
(
1− euε )− λC1C ′2euε (1− evε )+ N ′∑
=1
4ε
(ε + |x− p′|2)2
+
N ′′∑
=1
4ε
(ε + |x− p′′ |2)2
 λ′
(
2euε+vε − (euε + evε ))+ N ′∑
=1
4ε
(ε + |x− p′|2)2
+
N ′′∑
=1
4ε
(ε + |x− p′′ |2)2
 2λ′
(
euε+vε − e 12 (uε+vε))+ N ′∑
=1
4ε
(ε + |x− p′|2)2
+
N ′′∑
=1
4ε
(ε + |x− p′′ |2)2
,
where λ′ := λmin{C2C ′1,C1C ′2}. In particular, 12 (uε + vε) is a supersolution of the (regularized) classical Chern–Simons vortex
equation⎧⎪⎪⎨⎪⎪⎩
wε = λ′ewε
(
ewε − 1)+ N ′∑
=1
4ε
(ε + |x− p′|2)2
+
N ′′∑
=1
4ε
(ε + |x− p′′ |2)2
in Ω,
wε = 0 on ∂Ω.
(51)
In view of the construction in [8], one can start a monotone decreasing iterative scheme from 12 (uε + vε) to get a solution
of (51). In particular, we have
wε 
1
2
(uε + vε) in Ω. (52)
Write
wε0 = uε0 + vε0 + W ε0 , (53)
where uε0, v
ε
0 are given by (27) and W
ε
0 is a harmonic function satisfying w
ε
0 = 0 on ∂Ω . Note that W ε0 is uniformly bounded
with respect to ε > 0.
Setting wε = wε0 + w˜ε , we rewrite (51) as{
w˜ε = λ′ewε0+w˜ε
(
ew
ε
0+w˜ε − 1)+ f1 + f2 in Ω,
w˜ε = 0 on ∂Ω.
(54)
Since wε0 + w˜ε  0, we can multiply (54) by w˜ε and integrate to get
‖∇ w˜ε‖2L2  C, (55)
where C > 0 is a constant independent of ε > 0.
Combining (48), (52), (53) and (55), we see that (uε) and (vε) are uniformly bounded in L2(Ω). Using this fact with
interior elliptic estimates (see [3]), we can show that there are, passing to a subsequence if necessary, functions
u, v ∈ C0(Ω\{p′1, . . . , p′N ′ , p′′1, . . . , p′′N ′′})∩ L2(Ω)
such that
(uε, vε) → (u, v) in C0(K ) as ε → 0 (56)
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(uε, vε) ⇀ (u, v) weakly in L
2(Ω). (57)
Using the Green function in (26) and applying (56), (57), we see that (u, v) satisﬁes the original equations (22) over a
bounded domain Ω subject to homogeneous boundary condition.
By (52), we have
w  1
2
(u + v) 0 a.e. on Ω, (58)
where w is a solution of the (singular) single Higgs particle Chern–Simons vortex equation corresponding to (51). In view
of (58), the estimate (25) now follows from the estimate for ‖w‖L1 (see Appendix B of [7]). This completes the proof of
Theorem 2. 
5. Existence of topological solutions on the full plane
In this section, we prove the existence of topological solutions of (22) over R2 by taking the large domain limit of the
solutions obtained in Theorem 2.
Theorem 7. The system (22) over the full plane R2 has a solution (u, v) ∈ L1(R2) × L1(R2) satisfying the topological boundary
condition (23) and the estimate
‖u‖L1 + ‖v‖L1 
C
λ
(
N ′ + N ′′)3, (59)
where C > 0 is a constant depending on the functions G and H. Moreover, this boundary condition is achieved exponentially fast at
inﬁnity;more precisely,
∣∣u(x)∣∣+ ∣∣v(x)∣∣ C e−√λG(c1)H(c2)|x||x|1/2 , (60)∣∣∇u(x)∣∣+ ∣∣∇v(x)∣∣ C e−√λG(c1)H(c2)|x||x|1/2 (61)
for every |x| suﬃciently large.
Proof. Consider the single Higgs particle Chern–Simons vortex equation subject to homogeneous boundary condition⎧⎪⎨⎪⎩u = λ
′eu
(
eu − 1)+ 4π N∑
=1
δp in BR ,
u = 0 on ∂BR ,
(62)
where BR = {x ∈ R2 | |x| < R} and R > R0 := max1N {|p|}. It is well known that (62) has a solution.
We consider a sequence (un) where un satisﬁes⎧⎪⎨⎪⎩un = λ
′eun
(
eun − 1)+ 4π N∑
=1
δp in Ωn,
un = 0 on ∂Ωn,
(63)
where Ωn = BRn and Rn → ∞. We now show that (un) converges to a solution of the single Higgs particle Chern–Simons
vortex equation over the full plane, i.e.,
u = λ′eu(eu − 1)+ 4π N∑
=1
δp in R
2 (64)
satisfying the topological boundary condition
lim|x|→∞u(x) = 0. (65)
This result is a preliminary step as we take the large domain limit with the bounded-domain solutions of (22).
Lemma 8. Let (un) be a sequence of solutions of (63). Then there is a subsequence (un′ ) which converges pointwise to a solution u
of (64) satisfying (65).
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Let (Rn) be a sequence such that Rn > max{|p′|, |p′′ |} and Rn → ∞. Consider the equations subject to homogeneous
boundary condition⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩
u = −λev Ĥ(ev)g(eu)+ 4π N ′∑
=1
δp′ in BRn ,
v = −λeu Ĝ(eu)h(ev)+ 4π N ′′∑
=1
δp′′ in BRn ,
u = v = 0 on ∂BRn .
(66)
By Theorem 2, (66) has a solution (un, vn). Proceeding as in the last section, we deduce that 12 (un + vn) is a nonpositive
supersolution of the single Higgs particle Chern–Simons vortex equation⎧⎪⎪⎨⎪⎪⎩
w = λ′ew(ew − 1)+ 4π N ′∑
=1
δp′ + 4π
N ′′∑
=1
δp′′ in BRn ,
w = 0 on ∂BRn .
(67)
Using the construction in [8], we can take a monotone decreasing iteration initiating from 12 (un+ vn) to obtain a solution wn
of (67). In particular,
wn 
1
2
(un + vn) in BRn . (68)
By Lemma 8, passing to subsequence if necessary we may assume that the sequence (wn) converges pointwise to a solution
of the equation subject to topological boundary condition⎧⎪⎪⎪⎨⎪⎪⎪⎩
w = λ′ew(ew − 1)+ 4π N ′∑
=1
δp′ + 4π
N ′′∑
=1
δp′′ in R
2,
lim|x|→∞ w(x) = 0, w < 0 a.e. on R
2.
Taking a further subsequence, (un) and (vn) converge pointwise to u and v on R2, respectively. Clearly, u, v < 0 and they
satisfy the system (22). Since (68) implies that
2w  u < 0 and 2w  v < 0 in R2, (69)
we see that the desired topological boundary condition (23) is achieved. Therefore the existence of a topological solution of
the system (22) is established. The estimate (59) follows from (25).
The decay estimates (60) and (61), asymptotic behavior of (u, v) at inﬁnity, are deduced from the following well-known
result (see Section 16 of [7]):
Let α,λ, t0 > 0 and let Φ : [t0,∞) → R be a continuous function such that limt→∞ Φ(t) = 0. Then the equation⎧⎪⎨⎪⎩
w ′′ + 1
t
w ′ − (λ + Φ(t))w = 0 in (t0,∞),
w(t0) = α and lim
t→∞ = 0
has a unique solution w0 . Furthermore if
∫∞
t0
|Φ(t)|dt < ∞, then there exist constants C0,C1 > 0 such that
C0 
w0(t)
e−
√
λt/t1/2
 C1
for all t  t0 .
This completes the proof of Theorem 7. 
Now it is standard to recover Theorem 1 from Theorem 7 and we have reached our aim.
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